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ABSTRACT 

 

The inverse Finite Element Method (iFEM) is a robust computational technique that 

utilizes a network of strain sensors to reconstruct full-field displacement on beam or 

shell structures. Importantly, the method is independent of specific loading conditions 

and material properties, making it particularly suitable for real-time structural 

monitoring and assessment. By providing a comprehensive understanding of structural 

behaviour, iFEM enables the implementation of condition-based maintenance policies, 

which are crucial for enhancing the operational lifespan of engineering structures. This 

study evaluates for the first time the effectiveness of 1D iFEM strategy in shape sensing 

of an experimental beam structure with degrading boundary conditions. In addition, a 

dedicated procedure has been implemented to reconstruct the percentage reduction in 

the stiffness of the degraded constraint, which is essential for structural health 

monitoring and for defining appropriate retrofitting strategies to be applied to the 

structure. The results show the potential of iFEM for structural health monitoring and 

adaptive maintenance strategies in real-world applications, where boundary conditions 

may evolve over time. 

 

 

INTRODUCTION 

 

Infrastructures failure stems from material deterioration mechanisms and human and 

operational factors such as design errors, construction flaws, and overloading [1]. 

Moreover, multiple deterioration mechanisms, both physical and chemical, can act 

simultaneously and significantly compromise the infrastructure’s durability and 

structural integrity, becoming also difficult to model. In this context, deflection 

monitoring becomes a key aspect of bridge Structural Health Monitoring (SHM), as 

deflection data can reveal early signs of structural anomalies [2,3]. Among possible 

causes of damage, chloride-induced corrosion of steel reinforcement is particularly 

critical, leading to cracking, and eventually resulting in the loss of bond and cross-

sectional capacity of the steel, thereby reducing the service life of the structure [4]. In 

addition, pier scour, defined as the erosion of soil around bridge foundations caused by 

flowing water, is a leading cause of structural collapse in flood-prone regions. It induces 

vertical settlements and rotational displacements at the foundation level, which can 

trigger extensive structural damage [5].  

However, conventional monitoring techniques often rely on fixed reference points, 

which may be unstable and are typically expensive to maintain [2,3]. To overcome these 

limitations, reference-free approaches have emerged, utilizing various sensors such as 

tiltmeters [2], accelerometers [7], satellites [8], and strain gauges [9]. Among them, fiber 

optic strain sensors are particularly promising due to their ability to perform distributed 

measurements along the structure [10–12]. While some studies have successfully 

estimated deflections from strain data [2,9,13], they often depend on auxiliary systems 

(e.g., tiltmeters or sensing bars) or require detailed knowledge of material properties, 

which can limit real-world applicability. These challenges can be addressed using the 

inverse Finite Element Method (iFEM), which reconstructs deflections solely from 

distributed fiber optic strain measurements installed directly on the bridge girder. 

However, a critical limitation that has received little attention in the literature arises 

precisely from the fact that, corrosion and scour, for example, may alter the effective 



support conditions and boundary constraints of the bridge system over time, rendering 

the initial boundary condition assumptions of the model invalid. Although iFEM is 

independent of the material properties and external loads of the structure, it still relies 

on an accurate definition of the boundary conditions to produce reliable reconstructions. 

When these boundary conditions are uncertain or unknowingly changed due to 

deterioration, the accuracy of the deflection estimation deteriorates accordingly.  

This situation, where the boundary conditions are completely unknown, can frequently 

arise in both civil and other types of structures. Another paradigmatic example is 

reinforced concrete spatial frames made up of beams and columns. If we consider a 

typical beam placed between two columns, the boundary conditions initially applied to 

the beam are perfectly fixed support. However, over the life cycle of the structure, these 

supports gradually degrade due to creep, fatigue, and other similar effects, causing the 

boundary condition to transition from a perfect fixity to partial fixity. The rotational 

stiffness of this partial fixity remains entirely unknown. 

This phenomenon is extremely critical in the context of structural monitoring using the 

iFEM strategy, as it introduces additional uncertainties to the problem, which must be 

addressed to accurately reconstruct the displacement field. This work presents, for the 

first time, a framework in which iFEM addresses the issue of degrading conditions. The 

framework is applied to a simple aluminum beam, where numerical simulations of strain 

are provided as input to iFEM. Two different configurations are considered, each 

characterized by a distinct level of degradation in the boundary condition. 

The new framework, which is still in its preliminary stages, demonstrates highly 

promising results and strongly emphasizes the need for deeper exploration into these 

critical issues. This initial success underscores the importance of advancing the research 

to fully understand and address the challenges associated with degrading boundary 

conditions, paving the way for more robust and accurate structural monitoring 

approaches in the future. 
 

 

METHODOLOGY 

 

The structure can be discretized with 𝑁 inverse beam elements, making use of the zero-

order Euler-Bernoulli inverse beam elements developed in [14,15]. An illustration of 

the element with the coordinate system and the degrees of freedom (DOF) is depicted 

in Figure 1. Each beam element is defined by a local reference system with the 𝑧 axis 

coinciding with the longitudinal axis of the beam, with the 𝑥 and 𝑦 axes representing 

the section’s principal axes of inertia. The element length is 𝐿𝑒, the section area is 𝐴𝑒 

and the moments of inertia about the principal axes are 𝐼𝑥
𝑒 and 𝐼𝑦

𝑒.  

Neglecting torsional effects, the beam kinematics are fully described by a displacement 

vector containing the displacements of the neutral axis along the 𝑧, 𝑦, and 𝑥 directions, 

and the rotations of the cross section about the 𝑥 and 𝑦 axes, as shown in Figure 1. Since 

torsion is excluded from the model, rotation about the 𝑧-axis is not considered, and shear 

strain components are assumed to be zero. The non-zero strain component includes only 

axial deformation and bending contributions in the 𝑥𝑧 and 𝑦𝑧 planes. These 

components, referred to as section strains, are collectively expressed in the strain vector 

𝒆. 

 

 



 

Figure 1. Illustration of an iFEM element with local and global coordinate systems. 

 

 

To reconstruct the displacement field from experimentally measured section strains, the 

least-square functional Φ(𝒖, 𝒆𝒆
𝜺) is formulated for each inverse element. It consists in 

the Euclidean norm of the error between the section strains according to the Euler-

Bernoulli beam theory 𝒆(𝒖) and the experimentally measured strains 𝒆𝒆
𝜺. This can be 

expressed as follows: 

 

 Φ𝑒(𝒖) = ‖𝒆(𝒖) − 𝒆𝒆
𝜺‖2 (1) 

 

The contribution of each element is then summed over in the functional Φ. The nodal 

displacements 𝒖 are computed by minimizing the Φ. 

The contribution of each element functional is expanded by making use of the definition 

of the strain vector. Axial strains are considered negligible due to the free movement of 

the roller supports and longer spans, magnifying the role of flexural strains compared to 

other strains in this bridge. Additionally, the flexural contribution 𝜒𝑦 in the horizontal 

plane cannot be considered because there are no placed sensors able to measure the 

deflection in that direction. Therefore, the overall equation of the functional can be 

simplified as follows: 

 

 

Where 𝑛𝑒 are the number of strain measurements for the element 𝑒, and 𝑖 indexes the 

strain measurements in the element, which are provided at the locations 𝑧𝑖. The term  

𝜒𝑥(𝑧𝑖) is the section strain of the iFEM model evaluated at the location 𝑧𝑖, while 𝜒𝑥𝑖

𝑚 is 

the experimentally measured strain at 𝑧𝑖. All the measured strains contained in the 

spatial domain of the element are input into the iFEM algorithm.  

Consistently with the small strain hypothesis, Eq. (2) can be expressed in terms of the 

nodal degrees of freedom contained in the vector 𝒖𝒆, as follows: 

 

 
Φ𝑒(𝒖) =

1

2
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Noted that the 𝒌𝒆 is a constant matrix and only depends on the geometry of the element, 

while the 𝒇𝒆 is a column vector that depends on the measured strain data 𝜺𝑖. The 

functional for each element Φ𝑒(𝒖) can then be transformed from the local coordinate 

system (𝑥, 𝑦, 𝑧) to the global coordinate system (𝑋, 𝑌, 𝑍) using standard transformation 

matrices for finite elements and minimized with respect to the nodal degrees of freedom 

𝒖𝒆. Finally, the contribution of each element can then be assembled in a global linear 

system of equations with the degrees of freedom of all the nodes: 

 

 𝑲𝑮 ∙ 𝒖𝑮 = 𝒇𝑮 (4) 

 

Where the superscript 𝐺 denotes the matrices and vectors transformed into the global 

coordinate system.  

Boundary conditions can then be applied via Lagrange multipliers or penalty method, 

as in any standard FE problem. The resulting linear system of equations is nonsingular 

when the strain measurement locations of one element are more than two [14]. With the 

matrix 𝑲𝑮 given by the structural geometry and 𝒇𝑮 given by the measured surface strain 

𝜺𝑖, the nodal deflection of the structure can be calculated by solving 𝒖𝑮 from the linear 

system of equation. Once the nodal deflection is known, the deflection at any point in 

the structure can be computed through the shape functions of the elements. Since the 

only strain-dependent term is 𝒇𝑮, the matrix 𝑲𝑮 may be inverted only once. Therefore, 

the method has the potential to be applied online in real time, at a minimal computational 

cost, independently of the applied loads and structural dynamics. For a more 

comprehensive understanding, readers are encouraged to consult [14-16] for an in-depth 

exploration of how this method functions. 

Applying the penalty method involves introducing penalty terms into the system, which 

act as stiffness coefficients of virtual springs enforcing boundary conditions. However, 

unlike in classical structural theory, where stiffness is typically expressed in units such 

as N/m or Nm/rad, the unit conventions adopted in the iFEM stiffness matrix differ, 

being tailored to the method's specific formulation. As a result, these penalties cannot 

be directly interpreted as physical spring stiffnesses. Similarly, when boundary 

conditions are enforced using Lagrange multipliers, they should not be interpreted as 

reaction forces or moments, but just as mathematical variables used to impose 

constraints within the system. These penalties modify the stiffness matrix to 

approximate constrained behaviour without explicitly imposing displacement 

constraints. To solve the linear system using this approach, appropriate penalty values 

must be defined. The key challenge lies in determining the optimal penalties such that 

the resulting displacements are consistent with the actual structural response. To this 

end, the stiffness matrix is augmented by adding penalty terms to all 𝑁𝑐 constrained 

degrees of freedom at specific evaluation instants (𝑒𝑖) defined by the monitoring 

strategy, as expressed in the following equation: 

 

 

𝑲𝒏𝒆𝒘
𝑒𝑖 = 𝑲0 + ∑ 𝜆𝑖

𝑒𝑖 ⋅ 𝑬𝑖

𝑁𝑐

𝑖=1

     , ∀𝑒𝑖 = 𝑡1, 𝑡2, … (5) 

 

The objective then becomes the minimization of a residual function 𝑟(⋅), which depends 

on the augmented stiffness matrix defined in Eq. (5): 



 

 min 𝑟(𝑲𝒏𝒆𝒘
𝑒𝑖 ) (6) 

 

The percentage reduction in stiffness associated with a specific DOF 𝑖 (in the specific 

case of the present study 𝜑𝑥) can be quantified using the above expression, where 𝑘𝑖
𝑡1 

and 𝑘𝑖
𝑡2 represent the values of the corresponding diagonal term in the global stiffness 

matrix at two different time steps or degradation states. This formulation isolates the 

contribution of the penalty stiffness imposed on the selected DOF, allowing for a direct 

comparison of its degradation over time. 

 

 
𝛥𝑘𝑖

% = 100 ∙
𝑘𝑖

𝑡2 − 𝑘𝑖
𝑡1

𝑘𝑖
𝑡1

 (7) 

 

 

CASE STUDY 

 

In the present paragraph, a brief description of the case under investigation is discussed, 

with a focus on the direct model of the aluminum beam, on the sensor network and on 

the inverse FE model. 

 

The direct FEM 

 

To validate the proposed framework, the geometry of a simple aluminum beam was 

adopted, featuring a rectangular cross-section with a base of 50 mm and a height of 10 

mm, and a support span of 648 mm. The aluminum has the following mechanical 

properties: Young’s modulus 𝐸 equal to 70 GPa and Poisson’s ratio 𝜐 equal to 0.3. Two 

numerical models of the aluminum beam were developed in ABAQUS CAE (version 

6.23), each consisting of 648 B23 beam elements. The loading condition considered 

consists of a single concentrated force applied at midspan, with an intensity of 𝐹 equal 

to 294.3 N, corresponding to a mass of 30 kg. The models differ in the imposed 

boundary conditions, as described in the previous section, to simulate two distinct 

structural configurations corresponding to different stages of the beam's operational life. 

The boundary conditions that have been considered are as follows: in the first model, a 

rotational spring with stiffness 𝑘𝜗,𝑡1
 equal to 25516300 Nm/rad is applied at one end of 

the beam (left), while the other end (right) is fully clamped. In the second model, the 

same configuration is maintained, but the rotational spring has a reduced stiffness 𝑘𝜗,𝑡1
 

equal to 931256 Nm/rad. These two direct models represent two generic instants in the 

operational life of the structure, with the second configuration simulating a more 

degraded condition of the support, in which its rotational stiffness has decreased over 

time, from 0.05° to 0.5°. The theoretical change in boundary stiffness in the FEM model 

corresponds to a reduction of approximately 96.35%. The two configurations described 

above are illustrated in Figure 2. 

The two simulations described in this section are required to extract the strain values 

𝜺𝑖𝑛 to be used as input for the iFEM code, in accordance with the sensor network 

configuration presented in the following section. 



  

Figure 2. Schematic representation of the two direct FE models implemented in 

ABAQUS CAE. 

 

 

The sensor network 

 

A Fiber Bragg Grating (FBG)-based sensor network was assumed, following the layout 

depicted in Figure 3. The network consists of 18 measurement points (indicated by red 

marks), spaced 36 mm apart. The same figure also illustrates the design of a potential 

FBG sensor network that could be implemented under real operating conditions of the 

aluminum beam. 

 

 

Figure 3. FBG-based sensor network layout considered for the beam of the present 

study. 

 

 

The presented sensor network was assumed to be positioned along the centerline of the 

bottom surface of the beam and was bonded starting from the transition point between 

the green and yellow segments (refer to the schematic representation of Figure 3). This 

sensor network configuration was chosen for its simplicity of implementation, reduced 

number of sensing points, and compatibility with standard FBG interrogation systems. 

Moreover, its placement along the centerline of the bottom surface allows for effective 

capture of the maximum strain values typically occurring under bending, while 

minimizing installation complexity and optical fiber routing issues. The strain values 

from the direct FEM simulations were extracted at locations corresponding to the 

sensing points of the FBG-based sensor network, ensuring consistency between the 

numerical and experimental data acquisition schemes. 

 



The inverse FE model 

 

The iFEM model of the beam consists of nine 1D inverse finite elements based on the 

Euler-Bernoulli formulation. Each element has a length 𝐿𝑒 of 72 mm, corresponding to 

a uniform discretization over the total beam length of 648 mm. According to the 

formulation of the 0th-order Euler-Bernoulli inverse finite element, two measurement 

points are defined within each element. These are symmetrically positioned at one-

quarter and three-quarters of the element length, i.e., at local coordinates 𝜉 = 0.25 ⋅ 𝐿𝑒 

and 𝜉 = 0.75 ⋅ 𝐿𝑒 (with 𝜉 local coordinate of the inverse element), to provide optimal 

strain information for reconstructing the section strain components. An important aspect 

to be mentioned regarding the inverse models developed in this study concerns the 

implementation of the boundary conditions. Specifically, for the non-degraded end of 

the beam (on the right), the inverse model assumes a fully clamped boundary condition. 

In contrast, for the support subject to degradation, rotational spring stiffness is not 

known as a priori. Therefore, a hinge boundary condition was applied in the inverse 

model to allow free rotation, while an imposed rotation was introduced as a known 

quantity, estimated from the full set of strain measurements. 
 

 

RESULTS AND DISCUSSION 
 

The displacement field reconstruction for the beam under the two considered boundary 

conditions is shown in Figure 2. As observed, the previously described procedure yields 

excellent agreement between the iFEM reconstruction and the numerical reference 

solution, both along the entire beam and in the regions affected by BC degradation. 

Moreover, the application of Eq. (7) resulted in a computed stiffness reduction of 

approximately 91.22%, which is close to the exact theoretical value of 96.35%. 

 

  

(a) (b) 

Figure 3. Displacement reconstruction provided by the iFEM for the two degraded 

boundary conditions shown in Figure 2: (a) left BC with 𝑘𝜗,𝑡1
 and (b) left BC with  𝑘𝜗,𝑡2

. 

 
 

CONCLUSIONS 

 

This study demonstrated the capability of 1D iFEM to accurately reconstruct 

displacement fields in beam structures with degraded boundary conditions. The results 

showed excellent agreement with FEM simulations for both degradation levels, and the 



penalty-based approach provided a reliable estimation of the stiffness reduction. These 

outcomes confirm the potential of iFEM as a powerful tool for structural health 

monitoring in scenarios where boundary conditions evolve over time. 
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